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Abstract
Let L be a field complete for a non-trivial ultrametric absolute value and let (A,‖ · ‖) be a com-
mutative normed L-algebra with unity whose spectral semi-norm is ‖ · ‖si . Let Mult(A,‖ · ‖) be
the set of continuous multiplicative semi-norms of A, let S be the Shilov boundary for (A,‖ · ‖si )
and let ψ ∈ Mult(A,‖ · ‖si ). Then ψ belongs to S if and only if for every neighborhood U of ψ in
Mult(A,‖ · ‖), there exists θ ∈ U and g ∈ A satisfying ‖g‖si = θ(g) and γ (g) < ‖g‖si ∀γ ∈ S \ U .
Suppose A is uniform, let f ∈ A and let Z(f ) = {φ ∈ Mult(A,‖ · ‖) | φ(f ) = 0}. Then f is a topo-
logical divisor of zero if and only if there exists ψ ∈ S such that ψ(f ) = 0. Suppose now A is
complete. If f is not a divisor of zero, then it is a topological divisor of zero if and only if the ideal
fA is not closed in A. Suppose A is ultrametric, complete and Noetherian. All topological divisors of
zero are divisors of zero. This applies to affinoid algebras. Let A be a Krasner algebra H(D) without
non-trivial idempotents: an element f ∈ H(D) is a topological divisor of zero if and only if fH(D)
is not a closed ideal; moreover, H(D) is a principal ideal ring if and only if it has no topological
divisors of zero but 0 (this new condition adds to the well-known set of equivalent conditions found
in 1969).
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Notation. Throughout the paper, we denote by L a field complete for a non-trivial ultra-
metric absolute value and by K a complete algebraically closed field extension of L. We
denote by (A,‖ · ‖) a commutative normed L-algebra with unity and we denote by ‖ · ‖si
the spectral semi-norm of A defined as ‖x‖si = limn→∞ ‖xn‖1/n.
We denote by X (A) the set of L-algebra epimorphisms from A onto a subfield of K .
Given a commutative L-algebra B , we denote by Max(B) the set of maximal ideals
of B , by Mult(B) the set of non-identically zero multiplicative semi-norms of B and by
Multm(B) the set of the ϕ ∈ Mult(B) such that Ker(ϕ) ∈ Max(B).
We denote by Mult(A,‖ · ‖) the set of ϕ ∈ Mult(A) which are continuous with re-
spect to the norm ‖ · ‖ and we put Multm(A,‖ · ‖) = Mult(A,‖ · ‖) ∩ Multm(A). The set
Mult(A,‖ · ‖) is provided with the topology of simple convergence.
A L-algebra semi-norm φ on B is said to be semi-multiplicative if φ(xn) = φ(x)n
∀n ∈ N. From the norm of A, we can define a classical semi-multiplicative semi-norm:
‖x‖si = limn→∞ ‖xn‖1/n and this is the upper bound of all continuous semi-multiplicative
semi-norms.
The L-algebra A is said to be uniform if its norm is ‖x‖si . Thus, A is uniform if and
only if its norm is semi-multiplicative.
Theorem A is well known:
Theorem A [13,16,20]. Mult(A,‖ · ‖) is compact and
‖x‖si = sup
{
ϕ(x) | ϕ ∈ Mult(A,‖ · ‖)} ∀x ∈ A.
A subset F of Mult(A,‖ · ‖) is called a boundary for (A,‖ · ‖) if for every x ∈ A, there
exists ψ ∈ F such that ψ(x) = ‖x‖. A closed boundary (with respect to the topology of
simple convergence on A) is called Shilov boundary for (A,‖ · ‖) if it is the smallest of all
closed boundaries for (A,‖ · ‖) with respect to inclusion.
If the norm ‖·‖ of A is not semi-multiplicative, it is obvious that there exist no boundary
for (A,‖ · ‖). However, there does exist a Shilov boundary for (A,‖ · ‖si). For simplicity,
here, we call Shilov boundary for A what actually is the Shilov boundary for (A,‖ · ‖si).
Recall that in a C-Banach algebra A, Mult(A,‖ · ‖) is equal to Multm(A,‖ · ‖) [17]
and the existence of the Shilov boundary was proven in [15]. The existence of the Shilov
boundary for an ultrametric algebra was proven in [11] (see also [12]).
Theorem B [11]. There exists a Shilov boundary for A.
Now, we can state an easy characterization of the Shilov boundary, taking from what
was made on C:
Theorem 1.1. Let S be the Shilov boundary for A and let ψ ∈ Mult(A,‖ · ‖). Then ψ
belongs to S if and only if for every neighborhood U of ψ in Mult(A,‖ · ‖), there exists
θ ∈ U and g ∈ A satisfying ‖g‖si = θ(g) and γ (g) < ‖g‖si ∀γ ∈ S \U .
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borhood U of ψ in Mult(A,‖ · ‖) such that for every g ∈ A, we have ‖g‖si = sup{γ (g) |
γ ∈ S \ U}. Without loss of generality, we may assume that U is open in Mult(A,‖ · ‖),
hence S \U is closed, hence is compact in Mult(A,‖ · ‖). Thus S \U is a closed boundary
which does not contain ψ , and therefore is strictly included in S , a contradiction. This
shows that for each neighborhood U of ψ in Mult(A,‖ · ‖), there exists θ ∈ U ∩ S and
g ∈ A satisfying ‖g‖si = θ(g) and γ (g) < ‖g‖si ∀γ ∈ S \U .
The converse is almost trivial: suppose that ψ ∈ Mult(A,‖ · ‖) is such that for each
neighborhood U of ψ in Mult(A,‖ · ‖), there exists θ ∈ U ∩ S . Since S is closed, ψ
obviously belongs to S . 
Theorem 1.3 is an application of Theorem 1.1 and uses Lemma 1.2:
Lemma 1.2. Let β ∈ R+ satisfy β > inf{|x| | |x| > 1}. Let g ∈ A satisfy ‖g‖si  β . There
exists λ ∈ E such that |λ| 1 and 1 ‖λg‖si < β .
Proof. If the value group of L is dense, Lemma 1.2 is trivial. So we assume that the
(multiplicative) value group of L is discrete and generated by a number ω. Let u = logω
and let n ∈ N be such that nu < log‖g‖si  (n + 1)u. Let α ∈ L satisfy |α| = ω. Then
we check that 0 < log‖α−ng‖si  u < logβ . Putting λ = α−n, we have |λ| 1, and 1 <
‖λg‖si < β . 
Theorem 1.3. Let β ∈ R+ satisfy β > inf{|x| | |x| > 1}. Let S be the Shilov boundary for
A and let ψ ∈ S . Let U be a neighborhood of ψ and let ε be > 0. There exists h ∈ A and
γ ∈ U such that 1 < γ (h) = ‖h‖si < β and θ(h) < ε ∀θ ∈ S \ U .
Proof. Without loss of generality we may assume that U is open. Hence S \U is closed. By
Theorem 1.1 there exists γ ∈ U and g ∈ A satisfying ‖g‖si = γ (g) and θ(g) < ‖g‖si ∀θ ∈
S \ U . Without loss of generality, we can assume that ‖g‖si  1. Since S \ U is closed, it
is compact, hence sup{θ(g) | θ ∈ S \U} < ‖g‖si . Let m = sup{θ(g) | θ ∈ S \U}. Let t ∈ N
be such that ( m‖g‖si )
t  ε
β
. Then we have θ(gt )mt  ε‖g
t‖si
β
.
Now, by Lemma 1.2, we can find λ ∈ E such that |λ|  1 and 1  ‖λgt‖si < β . Let
h = λgt . Thus, we obtain 1 < ‖h‖si < β , hence 1 < γ (h) = ‖h‖si < β . Further, for every
θ ∈ S \ U , we have θ(h) = |λ|(θ(g))t  |λ|( ε
β
)(‖g‖si)t = ( εβ )‖λgt‖si < εβ β = ε. 
Definitions and notation. Here an element f ∈ A will be called a topological divisor
of zero [15], if there exists a sequence (Un)n∈N in A such that infn∈N ‖Un‖ > 0, and
limn→∞ ‖fUn‖ = 0.
Given f ∈ A, we will denote by ZA(f ) the set of φ ∈ Mult(A,‖ ·‖) such that φ(f ) = 0.
However, when there is no risk of confusion on the algebra, we shall only write Z(f )
instead of ZA(f ).
On a normed C-algebra, it is known that the topological divisors of zero are the elements
f ∈ A such that there exists an element φ of the Shilov boundary satisfying φ(f ) = 0 [15].
Here we mean to extend this property to ultrametric algebras.
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f ∈ A is a topological divisor of zero if and only if there exists ψ ∈ S such that ψ(f ) = 0.
Proof. Let S be the Shilov boundary for (A,‖ · ‖). Let f ∈ A be a non-zero topological
divisor of zero and let (Un)n∈N be a sequence in A such that ‖Un‖ > m > 0 ∀n ∈ N and
limn→∞ ‖fUn‖ = 0. Since A is uniform, its norm is ‖ · ‖si , so for every n ∈ N, we can find
φn ∈ S such that φn(Un) = ‖Un‖. Since Mult(A,‖ · ‖si) is compact, there exists a point of
adherence φ of the sequence (φn)n∈N. Thus, φ belongs to S . On the other hand, φn(fUn) =
φn(f )φ(Un) = φn(f )‖Un‖ > φn(f )m ∀n ∈ N. But by hypothesis limn→∞ ‖fUn‖ = 0,
hence limn→∞ φn(fUn) = 0, hence limn→∞ φn(f ) = 0. Suppose φ(f ) = 0 and let l =
φ(f ). We can find t ∈ N such that
φn(f ) <
l
2
∀n t. (1)
But since φ is a point of adherence of the sequence (φn) with respect to the topology of
simple convergence, we can find k ∈ N, k > t , such that |φ(f )−φk(f )| < l2 , hence by (1)
we check that φ(f ) < l, a contradiction.
Conversely, let f ∈ A and assume that there exists ψ ∈ S such that ψ(f ) = 0. Let
us fix n ∈ N and let U be a neighborhood of ψ such that φ(f )  1
n
∀φ ∈ U . Let β > 1
satisfy β > inf{|x| | |x| > 1}. By Theorem 1.3 there exists Un ∈ A and γ ∈ U such that 1 <
γ (Un) = ‖Un‖ < β and θ(Un) < 1n ∀θ ∈ S \U . We check that if φ ∈ U , then φ(fUn) βn
and if φ ∈ S \U then φ(fUn) ‖f ‖n . Consequently, by putting M = max(‖f ‖, β), we have
φ(fUn) Mn ∀φ ∈ S , hence ‖fUn‖ Mn , which finishes showing that f is a topological
divisor of zero. 
Corollary 1.5. Let A be uniform and let S be the Shilov boundary for (A,‖ · ‖). There
exists no topological divisor of zero different from 0 if and only if all elements of S are
absolute values.
Corollary 1.6. Let A be uniform. If A has no continuous absolute values, then there exist
topological divisors of zero different from 0.
Remark. In any ring having divisors of zero different from 0, there exist no absolute values.
In [2] it was shown that certain Krasner algebras have no divisor of zero different from 0
but admit no continuous absolute value. However, among affinoid algebras, every affinoid
algebra having no divisor of zero different from 0 admits at least one absolute value [1,13].
Theorem 1.7 is easy:
Theorem 1.7. Let A be a Banach L-algebra and let f ∈ A. If f is not a divisor of zero,
then f is a topological divisor of zero if and only if fA is not closed.
Proof. Let φ be the linear mapping from A to fA defined as φ(x) = xf . Since f is not
a divisor of zero, φ is a continuous L-vectorial space isomorphism from A to fA. First,
suppose that f is not a topological divisor of zero. Then there exists m > 0 such that
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hand, the norm induced by A, and on the other hand the norm |‖ · |‖ defined on fA as
|‖xf |‖ = ‖f ‖. Since fA is obviously complete for the last one, it is also complete for the
first, hence fA is closed in A.
Conversely suppose that fA is closed in A. Then φ is a continuous L-Banach space
isomorphism from A onto fA. Hence, by Banach’s Theorem, φ is bicontinuous, therefore
{x ∈ A | ‖xf ‖ 1} is bounded, which proves that f is not a topological divisor of zero. 
Corollary 1.8. Let A be a Banach L-algebra and let f ∈ A. If fA is not closed, then f is
a topological divisor of zero.
The following Theorem C [19] lets us claim the next corollary:
Theorem C. Let A be a Banach L-algebra and let I be an ideal of A. If the closure of A
is of finite type, then I is closed.
By Theorem 5 and Theorem C, we have Corollary 1.9:
Corollary 1.9. Let A be a Noetherian Banach L-algebra and let f ∈ A. Any topological
divisor of zero of A actually is a divisor of zero.
Theorem 1.10. Let L have dense valuation, let A be a uniform Banach L-algebra and
let S be the Shilov boundary for (A,‖ · ‖). Let f ∈ A and let T (f ) be the closure of the
interior of Z(f ) in Mult(A,‖ · ‖). If (Z(f ) ∩ S) \ T (f ) = ∅. Then the ideal fA is not
closed.
Proof. Let β be > 1 and let φ ∈ (Z(f ) ∩ S) \ T (f ). We shall construct a sequence of
pairs (Un,ψn) of A× Mult(A,‖ · ‖) and a sequence of neighborhoods Un satisfying
(1) β2n−1 < ‖Un‖ = ψn(Un) < β2n+1;
(2) ψj(Um) = ψj(Uk) ∀k <m, except maybe if ψj (Um) = 0;
(3) θ(Un) 1n‖f ‖ ∀θ ∈ S \ Un;
(4) θ(f ) 1
nβ2n+1 ∀θ ∈ Un.
Suppose for each j = 1, . . . , n we have already constructed pairs (Uj ,ψj ) of A ×
Mult(A,‖ · ‖) and neighborhoods Uj of φ satisfying (1)–(4).
Since φ /∈ T , we can take a neighborhood Un+1 of φ included in Un \ {ψ1, . . . ,ψn} such
that Un+1 ∩ T (f ) = ∅ and such that
(4) θ(f ) 1
(n+1)β2n+3 ∀θ ∈ Un+1.
By Theorem 2 there exists γ ∈ Un+1 and l ∈ A such that 1 < ‖l‖ = γ (l) < β and
θ(l)  1‖f ‖β ∀θ ∈ S \ Un+1. Now, since L has dense valuation, we can find λ ∈ L such
that β2n+1  |λ| β2n+3 and satisfying
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have
(1bis) β2n+1 < ‖λl‖ = γ (λl) < β2n+3.
Putting Un+1 = λl we obtain
(1ter) β2n+1 < ‖Un+1‖ = γ (Un+1) < β2n+3
and
(3) θ(Un+1) 1‖f ‖(n+1) ∀θ ∈ S \ Un+1.
If γ (f ) = 0, we just put ψn+1 = γ . Suppose now that γ (f ) = 0. Since L is ultrametric,
so are all elements of Mult(A,‖ · ‖), so we can obviously find a neighborhood W of γ
included in Un+1 such that θ(Un+1) = γ (Un+1) an θ(Uj ) = γ (Uj ) for every j = 1, . . . , n
such that γ (Uj ) = 0. In particular we have β2n+1 < θ(Un+1) < β2n+3 ∀θ ∈W . And since
Un+1 ∩ T (f ) = ∅ we can also find ψn+1 ∈ W \ Z(f ) such that ψn+1(f ) = 0, satisfy-
ing further ψn+1(Uj ) = γ (Uj ) for every j = 1, . . . , n + 1 such that γ (Uj ) = 0. So, ψn+1
satisfies (1), (2). Thus we have defined Un+1,ψn+1,Un+1 such that the finite sequence
(Uj ,ψj ,Uj ) satisfies (1)–(4) for j = 1, . . . , n+ 1. Thus, the sequence is defined by induc-
tion.
Next, by (1), (3) and (4) we can check that θ(fUn) 1n ∀θ ∈ S , hence ‖fUn‖ 1n for
each n ∈ N∗. This is true for each n ∈ N∗, hence the series ∑∞n=1 fUn converges in A to
an element h which obviously belongs to the closure of fA in A. Now, suppose that fA is
closed. There exists g ∈ A such that h = fg. For every n ∈ N∗ we put an = ψn(f ). Hence
an > 0 ∀n ∈ N∗. Next, we notice that ψn(fUn) > an. Moreover, by (1), (2), we can see
that ψn(Un) = ψn(Uj ) ∀j = n. Consequently, ‖g‖ ψn(g) ψn(Un) > β2n−1, which is
absurd when n goes to +∞. This shows that fA is not closed and finishes the proof of
Theorem 1.10. 
Corollary 1.11. Let L have dense valuation, let A be a uniform Noetherian Banach
L-algebra and let f ∈ A. If the interior of Z(f ) is empty, then f is not a topological
divisor of zero.
2. Application to affinoid algebras
Definitions and notation. We denote by L{X1, . . . ,Xn} the set of power series in n vari-
ables
∑
i1,...,in
ai1,...,inX
i1
1 · · ·Xinn such that limi1+···+in→∞ ai1,...,in = 0. The elements of
such an algebra are called the restricted power series in n variables, with coefficients in L.
This algebra, denoted by Tn, is provided with the Gauss norm defined as∥∥∥∥
∑
i1,...,in
ai1,...,inX
i1
1 · · ·Xinn
∥∥∥∥= sup
{|ai1,...,in | | (i1, . . . , in) ∈ Nn
}
.
This algebra is complete for this norm. As it is shown that the ideals of Tn are closed,
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quotient norm, making it a Banach L-algebra.
We must recall classical results extracted from [1,19,17].
Theorem D. Let A be an affinoid L-algebra. A is finite over some L-algebra Tn, A is
Noetherian and every maximal ideal is of finite codimension. Multm(A,‖ · ‖) is dense in
Mult(A,‖ · ‖). Moreover, for every φ ∈ Multm(A,‖ · ‖), there exists χ ∈ X (A) such that
φ = |χ |. The kernel of ‖ · ‖si is equal to the nilradical of A. Further, if A is reduced, then
A is uniform.
Since L-affinoid algebras are Noetherian, by Corollary 1.9 we have Corollary 2.1:
Corollary 2.1. Let A be a L-affinoid algebra and let f ∈ A. Any topological divisor of
zero of A actually is a divisor of zero.
Lemma 2.2. Let f ∈ Tn, let a ∈ Un and r > 0 be such that χ(f ) = 0 ∀χ ∈X (Tn) satisfying
|χ(xj )− aj | r ∀j = 1, . . . , n. Then f = 0.
Proof. The result is well known when n = 1 and easily generalized by induction. 
Notation. Let χ ∈ X (A) and r > 0, we put BA(χ, r) = {ζ ∈ X (A) | |ζ(x) − χ(x)| 
r‖x‖ ∀x ∈ A}.
Lemma 2.3. Let A be a normed L-algebra, let χ ∈ X (A) and let f1, . . . , fq ∈ A and let
λ = inf1jq 1‖fj ‖ . Then {γ ∈X (A) | |γ | ∈ VA(|χ |, f1, . . . , fq, r)} contains BA(χ, rλ).
Proof. Let us take γ ∈ BA(χ,λr). For each j = 1, . . . , q , we have ‖γ (fj )|− |χ(fj )‖∞ 
|γ (fj )− χ(fj )| ‖fj‖ ‖γ − χ‖ r . Thus, |γ | belongs to VA(χ,f1, . . . , fq, r). 
Lemma 2.4 is immediate:
Lemma 2.4. Let B be a finite extension of A of the form A[x]. Let P(X) = Xd +
ad−1Xd−1 + · · · + a0 ∈ A[X] be the minimal polynomial of x over A. Let χ ∈ X (A) and
let α be a zero of the polynomial Xd + χ(ad−1)Xd−1 + · · · + χ(a0) in K . There exists a
unique φ ∈X (B) such that φ(f ) = χ(f ) ∀f ∈ A, and φ(x) = α.
Proposition 2.5. Let A be a Banach L-algebra and let F be a finite extension of A. For
each χ ∈X (F ), we denote by χ˜ its restriction to A. Then, by providing X (A) (respectively
X (B)) with the uniform convergence norm on the unit ball of A (respectively F ), the
mapping φ from X (F ) to X (A) defined as φ(χ) = χ˜ is open.
Proof. By induction, we can easily reduce ourselves to the case when F is of the form
A[x]. Let r be > 0 and let P(X) = Xd + ad−1Xd−1 + · · ·+ a0 be the minimal polynomial
of x over A. Let us fix χ ∈ X (F ) and let α = χ(x). Then we have αd + χ(ad−1)αd−1 +
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· · · +χ(a0) in K , with α = α1. By Lemma 2.3 there exists s > 0 such that, if a polynomial
Q(X) = Xd + bd−1Xd−1 + · · · + b0 ∈ K[x] satisfies |bj − χ(aj )| s, the zeros βj (1
j  d) in K , once correctly ordered, satisfy |αj − βj |  r . Now, let γ ∈ X (A) satisfy
‖γ − χ˜‖A0  sM . So, we have |γ (aj ) − χ˜(aj )|  s, and therefore, the polynomial Xd +
γ (ad−1)Xd−1 +· · ·+γ (a0) = 0 admits a zero β ∈ K such that |β−α| r . By Lemma 2.4
γ admits a continuation χ to F such that γ (x) = β . Thus, we have γ = φ(γ˜ ), which proves
that φ(BA(χ, r)) contains BT (φ(χ), s). Consequently, φ is open. 
We can now deduce:
Proposition 2.6. Let A be a L-affinoid algebra of the form Tn[y1, . . . , yq ]. For each χ ∈
X (A), we denote by χ˜ its restriction to Tn. Let O be an open subset of Mult(A,‖ · ‖) and
let χ ∈X (A) be such that |χ | lies in O. There exists r > 0 such that BTn(χ˜ , r) ⊂ {˜σ | σ ∈
X (A), |σ | ∈O}.
Proof. Consider a neighborhood VA(|χ |, f1, . . . , fq, ε) of |χ | included in O. By
Lemma 2.3, {σ ∈ X (A) | |σ | ∈ VA(|χ |, f1, . . . , fq, ε)} contains a certain ball BA(χ,ρ).
And since the mapping φ from X (A) to X (Tn), defined as φ(χ) = χ˜ , is open by Proposi-
tion 2.5, finally {˜σ ∈X (Tn) | |σ | ∈ VA(|χ |, f1, . . . , fq, ε)} contains a certain ball BTn(χ˜ , r)
in X (Tn). 
Theorem 2.7. Let A be a L-affinoid algebra and let f ∈ A. If the interior of Z(f ) is not
empty, then f is a divisor of zero.
Proof. A is a finite extension of some L-algebra Tn. Let O be the interior of Z(f ).
For each χ ∈ X (A), we denote by χ˜ its restriction to Tn. By Theorem D, there exists
χ ∈ X (A) such that |χ | lies in O. By Proposition 2.6 there exists r ∈]0,1[ such that
BTn(χ˜ , r) ⊂ {˜σ | σ ∈ X (A), |σ | ∈ O }. Therefore, we have σ(f ) = 0 for all σ ∈ X (A)
such that σ ∈ BA(χ, r). Given (α1, . . . , αn) ∈ Ln and r > 0, we put dn((α1, . . . , αn), r) =
{(λ1, . . . , λn) ∈ L | |λj − αj |  r ∀j = 1, . . . , n} and for each j = 1, . . . , n, we put
χ(xj ) = αj . Now, for each (ξ1, . . . , ξn) ∈ dn((α1, . . . , αn), r), we can find γ ∈ X (Tn)
such that γ (Xj ) = ξj ∀j = 1, . . . , n and of course γ belongs to BTn(χ˜ , r). Let P(X) =
Xd + ad−1Xd−1 + · · · + a0 ∈ Tn[X] be the minimal polynomial of f over Tn. Since
P(f ) = 0, for every φ ∈ O we have φ(P (f )) = 0, together with φ(f ) = 0, hence
φ(a0) = 0. Particularly, σ(a0) = 0 for all σ ∈ X (A) such that σ ∈ BA(χ, r). But
since a0 lies in Tn, actually we obtain σ˜ (a0) = 0 ∀σ ∈ BA(χ, r), hence a0(ξ1, . . . ,
ξn) = 0 ∀(ξ1, . . . , ξn) ∈ dn((α1, . . . , αn), r) and consequently, by Lemma 2.2 a0 = 0. Thus,
we have f (f d−1 + ad−1f d−2 + · · · + a1) = 0 and therefore f is a divisor of zero. 
3. Application to algebras H(D)
Definitions and notation. A subset D of K is said to be infraconnected if for every a ∈ D,
the closure in R of the set {|x − a| | x ∈ D} is an interval.
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functions with no poles in D, provided with the norm of uniform convergence on D and
we denote by H(D) the completion of R(D) with respect to this norm [7,10,18]. Then
it is well known that an algebra H(D) has no non-trivial idempotents if and only if D is
infraconnected [7,9,10].
An element f of an algebra H(D) is said to be quasi-invertible if it admits a factor-
ization in the form Pg where g is an invertible element of H(D) and P is a polynomial
whose zeros are points lying in the interior of D.
Theorem 3.1. D be a closed bounded infraconnected subset of K and let f ∈ H(D),
f = 0. Then the following three statements are equivalent:
(1) f is not quasi-invertible,
(2) the ideal fH(D) is not closed,
(3) f is a topological divisor of zero.
Definitions and notation. Monotonous filters where introduced in order to study prop-
erties of the analytic elements. In particular, certain pierced monotonous filters admitting
arithmetical properties on the diameters and the mutual distances of the holes of D are
called T -filters [8,10].
Let a ∈ D˜ and R ∈ R∗+ be such that Γ (a, r,R) ∩ D = ∅ whenever r ∈]0,R[ (re-
spectively Γ (a,R, r) ∩ D = ∅ whenever r > R). We call an increasing (respectively a
decreasing) filter of center a and diameter R, on D the filterF on D that admits for base the
family of sets Γ (a, r,R) ∩ D (respectively Γ (a,R, r) ∩ D). For every sequence (rn)n∈N
such that rn < rn+1 (respectively rn > rn+1) and limn→∞ rn = R, it is seen that the se-
quence Γ (a, rn,R)∩D (respectively Γ (a,R, rn)∩D) is a base of F and such a base will
be called a canonical base.
We call a decreasing filter with no center of canonical base (Dn)n∈N and diameter
R > 0, on D a filter F on D that admits for base a sequence (Dn)n ∈ N in the form Dn =
d(an, rn)∩D with Dn+1 ⊂ Dn, rn+1 < rn, limn→∞ rn = R, and ⋂n∈N d(an, rn) = ∅.
Let F be an increasing (respectively a decreasing) filter of center a and diameter R
on D. F is said to be pierced if for every r ∈]0,R[, (respectively r < R), Γ (a, r,R)
(respectively Γ (a,R, r)) contains some hole of D.
A decreasing filter with no center F on D is said to be pierced if for every m ∈ N,
D˜m \ D˜m+1 contains some hole of D.
In the same way, a Cauchy filter of center a is said to be pierced if for every r ∈]0,R[,
d(a, r) contains some hole T of D.
A filter on D is called monotonous if it is either increasing or decreasing. A pierced
monotonous filter is called a T -filter if a sequence of holes of D satisfies a certain arith-
metical relation given particularly in [7,8,10].
We call circular filter of center a and diameter r on K the filter F which admits as a
generating system the family of sets Γ (α, r ′, r ′′) with α ∈ d(a, r), r ′ < r < r ′′, i.e. F is
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⋂q
i=1 Γ (αi, r ′i , r ′′i )) with
αi ∈ d(a, r), r ′i < r < r ′′i (1 i  q , q ∈ N).
A decreasing filter with no center, of canonical basis (Dn)n∈N and diameter R > 0,
on D, will also be called circular filter with no center, of diameter r of canonical basis
(Dn)n∈N.
Finally the filter of neighborhoods of a point a ∈ K is called circular filter of the neigh-
borhoods of a. It will also be named circular filter of center a and diameter 0 or Cauchy
circular filter of limit a. The circular filters which are not Cauchy filters are called large
circular filters.
The set of circular filters on K secant with a subset D of K will be denoted by Φ(D)
and the set of large circular filters on K secant with D is denoted by Φ ′(D). The set Φ(D)
is provided with a tree structure studied in [5].
The Shilov boundary for (H(D),‖ · ‖D) was studied in [4] and was characterized by
circular filters secant with D and K \ D. We first have to recall the characterization of
multiplicative semi-norms on K[x] by circular filters. On the other hands, in [3] it was
shown that an analytic element transform a circular filter into another one.
Theorem E [13,14]. For every circular filter or monotonous filter F on K , for every poly-
nomial P(x) ∈ K[x], |P(x)| has a limit ϕF (P ) along the filter F . Moreover, the mapping
Ψ from Φ(K) into Mult(K[x]) defined as Ψ (F) = ϕF is a bijection. Further, the restric-
tion Ψ ′ of Ψ to Φ ′(K) is a bijection from Φ ′(K) onto the set of multiplicative norms on
K[x], and therefore onto the set of multiplicative norms on K(x).
Similarly, circular filters define the continuous multiplicative semi-norms of Banach
K-algebras H(D).
Theorem F [13,14]. Let D be a closed bounded subset of K . For every circular filter
or monotonous filter F on D. For every f ∈ H(D) |f (x)| has a limit ϕF (f ) along the
filter F and ϕ belongs to Mult(H(D),‖ · ‖D). Moreover, the mapping Ψ from Φ(D) into
Mult(H(D),‖ · ‖D) defined by Ψ (F) = ϕF is a bijection.
Theorem G [4,6,13]. Let D be a closed bounded subset of K . The Shilov boundary S for
(H(D),‖ · ‖D) is the set of multiplicative semi-norms ϕF such that F is secant with both
D and K \D. Moreover, S is the boundary of Mult(H(D),‖ · ‖D) inside Mult(K[x]), with
respect to the topology of simple convergence on Mult(K[x]).
Theorem J [4,6,13]. Let D be a closed bounded infraconnected subset of K and let f ∈
H(D). Then f is not quasi-invertible if and only if there exists either a pierced Cauchy
filter F or a T -filter on D such that ϕF (f ) = 0.
By Lemma 18.4 in [10] we have this classical result:
Theorem M [10]. Let D be a closed bounded infraconnected subset of K and let f ∈
H(D) and suppose that f is properly vanishing along a pierced filter on D. Then fH(D)
is not closed.
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not satisfied. Then f is quasi-invertible, thereby of the form Pg where P is a polynomial
of degree q whose zeros a1, . . . , aq satisfy d(aj , r−) ⊂ D ∀j = 1, . . . , q for some r > 0
and g is invertible in H(D). Then for every h ∈ H(D), we have ‖(Pg)h‖D  rq‖gh‖D 
‖ h
g−1 ‖D , therefore f is not a topological divisor of zero. Thus we see that (3) implies (1).
Finally, suppose that (1) is satisfied. By Theorem J f is properly vanishing along a pierced
filter and therefore by Theorem M, the ideal fH(D) is not closed, which shows that (1)
implies (2). 
Theorem 3.1 and Theorem J lead to Corollary 3.2:
Corollary 3.2. Let D be a closed bounded infraconnected subset of K and let f ∈ H(D).
Then f is a topological divisor of zero if and only if there exists either a pierced Cauchy
filter F or a T -filter on D such that ϕF (f ) = 0.
Characterizing topological divisors of 0 in an algebra H(D) lets us give a new charac-
teristic property of principal ideal rings H(D) [9,10].
Corollary 3.3. Let D be a closed bounded subset of K . Then the following conditions are
equivalent:
(1) H(D) is a principal ideal ring,
(2) H(D) is Noetherian and has no non-trivial idempotent,
(3) Every ideal of H(D) is generated by a polynomial whose zeros lie in the interior of D,
(4) D is infraconnected, open and has no T -filter,
(5) Every element of H(D) different from zero is quasi-invertible,
(6) H(D) has no topological divisors of zero other than 0.
Remark. In the particular case of algebras H(D) without non-trivial idempotents, we no-
tice that given a divisor of zero f , then fH(D) is not closed, contrary to what happens
in an affinoid algebra, where all ideals are closed. Of course, in a Krasner–Tate algebra
without non-trivial idempotents, there is no divisor of zero, what is well known.
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